For a Tychonoff space X, we denote by C p (X) the space of all real-valued continuous functions on X with the topology of pointwise convergence. We show the following: (1) for the closed unit interval I, C p (I) does not have the weak sequence selection property; (2) if X is a QN-space, then C p (X) is an α 1 -space. These results answer problems posed by M. Scheepers. Also we give characterizations of the α 1 -property, the α 2 -property (i.e. the sequence selection property) and the weak sequence selection property of C p (X) in terms of covering properties of X.
Introduction and preliminaries
In this paper, all spaces considered are Tychonoff topological spaces. Unexplained notions and terminology are the same as in [12] . Throughout this paper, N and I will be used to denote the positive integers and the closed unit interval, respectively. For a space X, we denote by C p (X) the space of all real-valued continuous functions on X with the topology of pointwise convergence. The symbol 0 is the constant function with the value 0. Since C p (X) is a topological vector space, it is homogeneous.
Let us recall some local properties. In [1] , Arhangel'skii introduced the following local properties. Definition 1.1. For i = 1, 2, 3 and 4, a space X is said to be an α i -space if for every countable family {S n } n∈ω of sequences converging to some point x ∈ X, there is a sequence S converging to x such that:
(α 1 ) S n − S is finite for all n ∈ ω; (α 2 ) S n ∩ S is infinite for all n ∈ ω; (α 3 ) S n ∩ S is infinite for infinitely many n ∈ ω; (α 4 ) S n ∩ S = ∅ for infinitely many n ∈ ω.
Obviously each of these α i -properties implies the next one. These α i -properties of C p (X) were investigated by Scheepers. In [24, Theorem 2] , Scheepers proved that α 2 = α 4 in C p (X) . By a little bit of thought, we can see that X is an α 2 -space iff for every countable family {S n } n∈ω of sequences converging to some point x ∈ X, there is x n ∈ S n (n ∈ ω) such that {x n } n∈ω converges to x. The latter property equivalent to property α 2 is called the sequence selection property in [23] .
In [23] , Scheepers introduced the following local properties: a space X is said to have the weak sequence selection property if for every countable family {S n } n∈ω of sequences converging to some point x ∈ X, there is x n ∈ S n (n ∈ ω) such that x ∈ {x n } n∈ω , and C p (X) is said to have the monotonic sequence selection property if whenever each {f n,m } m∈ω (n ∈ ω) is a monotonic sequence (i.e. f n,m (x) f n,m+1 (x) for m ∈ ω, x ∈ X) of real-valued continuous functions of X converging to 0, there is a sequence {k n } n∈ω ⊂ ω such that {f n,k n } n∈ω converges to 0. Trivially the sequence selection property of C p (X) implies both the weak sequence selection property and the monotonic sequence selection property of C p (X). A space X is said to have countable fan tightness [2] if whenever A n ⊂ X and x ∈ A n (n ∈ ω), there is a sequence {F n } n∈ω of finite sets such that F n ⊂ A n and x ∈ n∈ω F n . A space X is said to have the Menger property if for every sequence {U n } n∈ω of open covers of X, there are finite subfamilies V n ⊂ U n (n ∈ ω) such that n∈ω V n is a cover of X. Hurewicz showed in [17] that a property introduced by Menger in [20] is equivalent to this covering property. It is well-known that the space of irrationals does not have the Menger property. For a space X, Arhangel'skii proved in [2] that C p (X) has countable fan tightness iff every finite power of X has the Menger property. On the weak sequence selection property of C p (X), Scheepers posed the following problems These problems were cited in Tsaban's survey article [27, Problem 47, Problem 48] . One of our purposes is to give a counterexample for these problems. Also we give a characterization of the (weak) sequence selection property of C p (X) in terms of a covering property of X. These results will be given in the second section.
The sequence selection property of C p (X) is closely related to "quasinormal convergence" which was originally called "equal convergence" in [9] . Definition 1.4. [3] Let f and f n (n ∈ ω) be real-valued functions on a set X. We say that {f n } n∈ω converges quasinormally to f if there is a sequence {ε n } n∈ω of positive real numbers such that lim n→∞ ε n = 0 and for each x ∈ X, |f n (x) − f (x)| < ε n holds for all but finitely many n ∈ ω.
Uniform convergence is quasinormal convergence, and quasinormal convergence is pointwise convergence. Indeed the following is known [10] . Proposition 1.5. Let f and f n (n ∈ ω) be real-valued functions on a set X. Then the following are equivalent:
(1) {f n } n∈ω converges quasinormally to f ; (2) there is an increasing cover {A n } n∈ω of subsets of X such that for each m ∈ ω, {f n |A m } n∈ω converges uniformly to f |A m .
Moreover, if X is a space and all f n 's are continuous, each A n can be closed in X. Definition 1.6. [7] (1) A space X is said to be a QN-space if whenever a sequence {f n } n∈ω of real-valued continuous functions on X converges pointwise to 0, the sequence converges quasinormally to 0.
(2) A space X is said to be a wQN-space if whenever a sequence {f n } n∈ω of real-valued continuous functions on X converges pointwise to 0, the sequence contains a subsequence which converges quasinormally to 0.
On QN-spaces and wQN-spaces, see [4, 5, 7, 8] .
By way of an s 1 -space in the sense of Fremlin [13] , Scheepers proved in [25, Theorem 10] that if C p (X) has the sequence selection property (i.e. C p (X) is an α 2 -space), then X is a wQN-space. Conversely Fremlin proved in [14] that for every wQN-space X, C p (X) has the sequence selection property (i.e. C p (X) is an α 2 -space). Hence the following is known. We will show that the answer is positive for arbitrary spaces. Also we give a characterization of a QN-space (i.e. property α 1 of C p (X)) in terms of a covering property of X. This characterization answers Question 5.8 in [26] . These results will be given in the third section.
The weak sequence selection property
A family {A n } n∈ω of subsets of a set X is said to be a γ -cover of X if every point x ∈ X is contained in A n for all but finitely many n ∈ ω [22] .
Lemma 2.1. Let X be a space homeomorphic to the Cantor set. Then there is a sequence
Proof. Let {A n } n∈ω be a pairwise disjoint family of non-empty clopen sets of X. Let U = {U n } n∈ω , where U n = X − A n for n ∈ ω. Then it is a clopen γ -cover in X. For each n ∈ ω, let p n : X ω → X be the projection onto the nth coordinate and let
is not a cover of X ω . Since X ω is homeomorphic to X, we can obtain clopen γ -covers of X as desired. 2 A space X is said to have the Hurewicz property [17] if for every sequence {U n } n∈ω of open covers of X, there are finite subfamilies V n ⊂ U n (n ∈ ω) such that every point of X is contained in V n for all but finitely many n ∈ ω. Since a compact space has the Hurewicz property (hence the Menger property, too), C p (I) has the monotonic sequence selection property and countable fan tightness by Lemma 2 in [23] and Arhangel'skii's result [2] , respectively. Therefore the following theorem gives a counterexample for Scheepers' problems.
Theorem 2.2. C p (I) does not have the weak sequence selection property.
Proof. Let X ⊂ I be a subspace homeomorphic to the Cantor set. By Lemma 2.1, there is a sequence {U n } n∈ω of clopen γ -covers of X such that for arbitrary choices U n ∈ U n (n ∈ ω), {U n } n∈ω is not a cover of X. We put U n = {U n,m } m∈ω for n ∈ ω. Let {F m } m∈ω be an increasing closed family of I satisfying I − X = m∈ω F m . For n, m ∈ ω, let f n,m : I → I be a continuous map satisfying (1) . For each n ∈ ω, {f n,m } m∈ω is a sequence converging pointwise to 0. Take an arbitrary f n,k n (n ∈ ω). Since {U n,k n } n∈ω is not a cover of X, we can take a point x ∈ X − n∈ω U n,k n . Then f n,k n (x) = 1 for n ∈ ω. Hence 0 / ∈ {f n,k n } n∈ω . Thus C p (I) does not have the weak sequence selection property. 2
According to [15] , a family A of subsets of a set X is said to be an ω-cover of X if every finite subset of X is contained in some member of A and X is not a member of A. A subset A of a space X is said to be a zero-set if A = f −1 (0) for some continuous function f : X → I, the complement of a zero-set is said to be a cozero-set. In this paper, the symbol Ind Z X = 0 means that for every pair A, B of disjoint zero-sets of X, there is a clopen set U of X such that A ⊂ U and U ∩ B = ∅. Of course, for a normal space X Ind Z X = 0 coincides with Ind X = 0, where Ind X is the large inductive dimension of X [12] .
Theorem 2.3. For a space X, the following are equivalent:
(1) C p (X) has the weak sequence selection property; (2) X satisfies the following two conditions:
there is a sequence {U n } n∈ω such that U n ∈ U n (n ∈ ω) and {U n } n∈ω is an ω-cover of X.
. If the function were onto, C p (I) could be embedded into C p (X) by the induced map of f , hence C p (I) would have the weak sequence selection property. By Theorem 2.2, this is a contradiction. Therefore f is not onto. Take
(2) → (1): For each n ∈ ω, let {f n,m } m∈ω be a sequence of real-valued continuous functions on X converging pointwise to 0. For n, m ∈ ω, let
For each n ∈ ω, we put U n = {U n,m } m∈ω . If the set {n ∈ ω: X ∈ U n } is infinite,
for some sequences {n j } j ∈ω and {m j } j ∈ω , where {n j } j ∈ω is strictly increasing. This means that {f n j ,m j } j ∈ω is a sequence converging uniformly to 0. If the set {n ∈ ω: X ∈ U n } is finite, by removing such finitely many n's, we assume U n,m = X for n, m ∈ ω. For n, m ∈ ω, by using Ind Z X = 0, take a clopen set C n,m with Z n,m ⊂ C n,m ⊂ U n,m . Note that each {Z n,m } m∈ω is a γ -cover of X. Hence each {C n,m } m∈ω is also a γ -cover of X. Take an ω-cover {C n,k n } n∈ω of X. Then {U n,k n } n∈ω is also an ω-cover of X. Let F be a finite subset of X and let ε a positive real number. Because of U n,k n = X for n ∈ ω, there are infinitely many n's such that F ⊂ U n,k n . Take n ∈ ω such that F ⊂ U n,k n and 1/2 n < ε. Then |f n,k n (x)| < ε for any x ∈ F . Hence 0 ∈ {f n,k n } n∈ω . Thus C p (X) has the weak sequence selection property. 2
Corollary 2.4. If C p (X) has the weak sequence selection property, then X is zero-dimensional.
By the same argument as in the proof of Theorem 2.3, we can show the following:
Theorem 2.5. For a space X, the following are equivalent:
(1) C p (X) has the sequence selection property; (2) X satisfies the following two conditions: (a) Ind Z X = 0, (b) for each sequence {U n } n∈ω of clopen γ -covers of X, there is a sequence {U n } n∈ω such that U n ∈ U n (n ∈ ω) and {U n } n∈ω is a γ -cover of X.
Remark 2.6. By using the ideas of Lemmas 2 and 3 in [23] , we can give a precise characterization for C p (X) to have the monotonic sequence selection property. This is a remake of Theorem 1 in [23] : C p (X) has the monotonic sequence selection property iff for each sequence {U n } n∈ω of countable open covers consisting of cozero subsets of X, there are finite subfamilies V n of U n (n ∈ ω) such that every point of X is contained in V n for all but finitely many n ∈ ω.
We recall some cardinals, see [11] . A quasiordering * is defined on the Baire space ω ω as follows:
for all but finitely many n ∈ ω.
We say that a subset Y of ω ω is bounded if there is g ∈ ω ω such that for each f ∈ Y , f * g. Otherwise, we say that Y is unbounded. The symbol b denotes the minimal cardinality of an unbounded family in ω ω . The minimal cardinality of a cofinal family in ω ω is denoted by the symbol d. Scheepers noted in [23, Lemma 5] that the minimal cardinality of a set X of real numbers for which C p (X) does not have the sequence selection property or the monotonic sequence selection property is b. In the rest of this section, we note that the minimal cardinality of a set X of real numbers for which C p (X) does not have the weak sequence selection property is d.
Lemma 2.7. Let X be a Lindelöf space. If C p (X) has the weak sequence selection property, then X has the Menger property.
Proof. For each n ∈ ω, let U n be an open cover of X. Since X is Lindelöf, we can put U n = {U n,m } m∈ω . By [12, Theorem 5.2.3, p. 317], there is a closed family {F n,m } n,m∈ω of X such that F n,m ⊂ U n,m and each {F n,m } m∈ω is a cover of X. Since X is normal and Ind Z X = 0, there is a clopen set C n,m of X such that F n,m ⊂ C n,m ⊂ U n,m for each n, m ∈ ω. Since each C n = {C n,0 ∪ · · · ∪ C n,m } m∈ω is a clopen γ -cover of X, by Theorem 2.3 there is a sequence {k n } n∈ω ⊂ ω such that {C n,0 ∪ · · · ∪ C n,k n } n∈ω is an ω-cover of X. Therefore, when we put V n = {U n,0 , . . . , U n,k n }, n∈ω V n is a cover of X. Thus X has the Menger property. 2
If X is a Sierpiński set, then C p (X) is an α 1 -space [24, Corollary 11] . Using the continuum hypothesis, one could construct a Sierpiński set such that the algebraic sum X + X is the set of irrationals (hence X 2 does not have the Menger property) [19, p. 250] . Thus even if C p (X) is an α 1 -space, X 2 does not always have the Menger property.
According to [22] , a space X is said to have property S 1 (Γ, Ω) if for every sequence {U n } n∈ω of open γ -covers of X, there is U n ∈ U n (n ∈ ω) such that {U n } n∈ω is an ω-cover of X.
Proposition 2.8. The minimal cardinality of a set X of real numbers for which C p (X) does not have the weak sequence selection property is d.
Proof. Let κ be the minimal cardinality of a set X of real numbers for which C p (X) does not have the weak sequence selection property. By the same argument as in the proof of [23, Theorem 4] , if X satisfies property S 1 (Γ, Ω), then we can show that C p (X) has the weak sequence selection property. It is known in [19, Theorem 4.5] that the minimal cardinality of a set of real numbers failing to have property S 1 (Γ, Ω) is d. Hence we obtain d κ. On the other hand, it is known in [18] that the minimal cardinality of a set of real numbers failing to have the Menger property is d. Therefore, by Lemma 2.7, κ d. Thus κ = d. 2
Property α 1 of C p (X)
A family {A n } n∈ω of subsets of a set X is said to be point-finite if for each x ∈ X, {n ∈ ω: x ∈ A n } is finite. Lemma 3.1. Let {U n } n∈ω be a point-finite open family of a space X, and let {F n } n∈ω a family of G δ -sets of X such that F n ⊂ U n for n ∈ ω. Then n∈ω F n is a G δ -set of X.
Proof. For each n ∈ ω, let {G n,m } m∈ω be a decreasing sequence of open sets of X satisfying F n = m∈ω G n,m and G n,0 ⊂ U n . We put G m = n∈ω G n,m for m ∈ ω. Let x ∈ X − n∈ω F n . Since {U n } n∈ω is point-finite, there is k ∈ ω such that x / ∈ U k for any k k. Hence, for some l
Lemma 3.2. Every cozero-set U of a space X is the union of a point-finite family {Z n } n∈ω of zero-sets of X.
Proof. Let U = {x ∈ X: f (x) = 0}, where f is a continuous function from X to I. For each n ∈ ω, let
Then the family {Z n } n∈ω is our desired one. 2
The following proposition is a key for our theorem.
Proposition 3.3.
For a space X, the following are equivalent:
(1) Every γ -cover {U n } n∈ω of cozero-sets of X has a γ -cover {Z n } n∈ω of zero-sets of X such that Z n ⊂ U n for n ∈ ω; (2) Every point-finite family {Z n } n∈ω of zero-sets of X has a point-finite family {U n } n∈ω of cozero-sets of X such that Z n ⊂ U n for n ∈ ω; (3) Every sequence {Z n } n∈ω of zero-sets of X has a sequence {U n } n∈ω of cozero-sets of X such that n∈ω Z n = n∈ω U n .
Proof. The equivalence of (1) and (2) is trivial.
(2) → (3): Let Z = n∈ω Z n , where each Z n is a zero-set of X. Since the union of finitely many zero-sets is a zero-set, by Lemma 3.2 each Z n − (Z 0 ∪ · · · ∪ Z n−1 ) is the union of some point-finite family {Z n,m } m∈ω of zero-sets of X. Since {Z n,m } n,m∈ω is point-finite, (2) gives that there is a point-finite family {U n,m } n,m∈ω of cozero-sets of X such that Z n,m ⊂ U n,m . For n, m ∈ ω, let Z n,m = l∈ω G n,m,l , where {G n,m,l } l∈ω is a decreasing sequence of cozerosets of X. Since each U n,m is a cozero-set of X, we may assume G n,m,0 ⊂ U n,m . In view of the proof of Lemma 3.1, when we put G l = n,m∈ω G n,m,l for l ∈ ω, each G l is a cozero-set and
(3) → (2): Let {Z n } n∈ω be a point-finite family of zero-sets of X and let Z = n∈ω Z n . By our assumption, there is a sequence {G n } n∈ω of cozero-sets of X such that n∈ω Z n = n∈ω G n . Since the intersection of finitely many cozero-sets is a cozero-set, we may assume G n ⊃ G n+1 for n ∈ ω. For each n ∈ ω, by applying our assumption to the set k n Z k , the complement of k n Z k is the union of countably many zero-sets of X. Hence there is a sequence {E n,m } m∈ω of zero-sets of X such that
Note that such sequences can be constructed to satisfy E n,m ⊂ E n,m+1 and E n,m ⊂ E n+1,m for n, m ∈ ω. Now let U n = G n − E n,n for n ∈ ω. Obviously each U n is a cozero-set of X and Z n ⊂ U n , because of E n,n ∩ Z n = ∅. We see that {U n } n∈ω is point-finite. If x ∈ X − Z, then the family {G n } n∈ω is point-finite at the point x. If x ∈ Z, then by the point-finite property of {Z n } n∈ω , for some n ∈ ω
Take m ∈ ω with x ∈ E n,m . For every l max{n, m}, x ∈ E l,l . Hence x / ∈ U l for every such l. Thus {U n } n∈ω is point-finite. 2 A space X is said to be a σ -space [21] if every F σ -set of X is a G δ -set of X (i.e. every G δ -set is an F σ -set). Let us say that a space X is (γ, γ )-shrinkable if every open γ -cover {U n } n∈ω of X has a closed γ -cover {F n } n∈ω of X such that F n ⊂ U n for n ∈ ω.
Corollary 3.4. A perfectly normal space is (γ , γ )-shrinkable iff it is a σ -space.
Recław proved in [21, Theorem 1] that every metrizable QN-space is a σ -space. But metrizability is not essential. The essence he proved is the following theorem. Since it is another key for our theorem, we state the proof due to Recław. Proof. Let {U n } n∈N be a sequence of cozero-sets of X. We put U n = {x ∈ X: ϕ n (x) = 0}, where each ϕ n is a continuous function of X to I. We show that the set U = n∈N U n is the union of countably many zero-sets of X. For each k ∈ N, let w k : I → I be a continuous function satisfying w k (x) = 0 for x = 0 or x 1/k, and w k (x) = 1 for 1 k+2 x 1 k+1 . For each k ∈ N and x ∈ X, we define
Then {f k } k∈N is a convergent sequence pointwise to 0. Since X is a QN-space, there is a sequence {ε k } k∈N of positive real numbers converging to 0 such that: for each x ∈ X, f k (x) ε k for all but finitely many k ∈ N. For each n ∈ N, let A n = {x ∈ X: f k (x) ε k for every k n}. Note that each A n is a zero-set of X and X = n∈N A n . Fix arbitrary n, m ∈ N. We see that A n ∩ U m is a zero-set of X. Take k 0 ∈ N such that k 0 n and ε k < 
Hence, as Haleš noted in [16, Theorem 7] , every perfectly normal QN-space is a σ -space. Lemma 3.6. For γ -covers {A n } n∈ω and {B n } n∈ω of subsets of a set X, the family {A n ∩ B n } n∈ω is also a γ -cover of X. (2) → (3): Let each U n = {U n,m } m∈ω (n ∈ ω) be a γ -cover of cozero-sets of X. By Theorem 3.5 and Proposition 3.3, for each n ∈ ω there is a γ -cover {Z n,m } m∈ω of zero-sets of X such that Z n,m ⊂ U n,m . Since a QN-space is a wQN-space, by Theorem 1.7 C p (X) has the sequence selection property. Hence, by Theorem 2.5 (or Theorem 2.3) Ind Z X =0. Therefore there is a clopen set C n,m of X with Z n,m ⊂ C n,m ⊂ U n,m . For each n ∈ ω, C n = {C n,m } m∈ω is a clopen γ -cover of X. In view of Lemma 3.6, we may assume C n,m ⊃ C n+1,m for n, m ∈ ω. For each n, m ∈ ω, let f n,m be the continuous function of X defined as follows:
Note that g k (x) < 1 2 n iff x ∈ C n,k . Since {g k } k∈ω is a sequence converging pointwise to 0, it converges quasinormally to 0. By Proposition 1.5 there is an increasing sequence {A n } n∈ω of closed sets of X such that for each n ∈ ω {g k |A n } k∈ω is a sequence converging uniformly to 0. Fix an arbitrary n ∈ ω. Since {g k |A n } k∈ω is a sequence converging uniformly to 0, there is a function ϕ n ∈ ω ω such that for each k ∈ ω, sup{g l (x): x ∈ A n , l ϕ n (k)} < 1 2 k . This implies
Now, take ϕ ∈ ω ω such that ϕ n * ϕ for every n ∈ ω. Then {C n,m : n ∈ ω, m ϕ(n)} is a γ -cover of X. Consequently {U n,m : n ∈ ω, m ϕ(n)} is a γ -cover of X.
(3) → (1): For each n ∈ ω, let {f n,m } m∈ω be a sequence converging pointwise to 0. Let U n = {U n,m } m∈ω , where U n,m = {x ∈ X: |f n,m (x)| < 1 2 n }. Then each U n is a γ -cover of cozero-sets of X. Take ϕ ∈ ω ω such that {U n,m : n ∈ ω, m ϕ(n)} is a γ -cover of X. We see that S = {f n,m : n ∈ ω, m ϕ(n)} is a convergent sequence to 0. Let N be a basic open neighborhood of 0. For some finite subset F of X and ε > 0, we put N = {f ∈ C p (X): |f (x)| < ε for every x ∈ F }. Take k ∈ ω satisfying 1 2 k < ε and F ⊂ {U n,m : n k, m ϕ(n)}. Then {f n,m : n k, m ϕ(n)} ⊂ N . Since {f n,m : n < k, m ϕ(n)} is a convergent sequence to 0, S − N is finite. The proof is complete. 2
It is known in [24, Corollary 10] that the minimal cardinality of a set X of real numbers for which C p (X) does not have property α 1 is b.
Remaining problems
We would like to cite the remaining problems on the sequence selection properties of C p (X). According to [22] , a space X is said to have property S 1 (Γ, Γ ) if for every sequence {U n } n∈ω of open γ -covers of X, there is a γ -cover {U n } n∈ω such that U n ∈ U n for each n ∈ ω. Since a γ -cover is an ω-cover, S 1 (Γ, Γ ) implies S 1 (Γ, Ω) mentioned in the second section. It is known in [23, Theorem 4] that if a space X has property S 1 (Γ, Γ ), then C p (X) has the sequence selection property (i.e. X is a wQN-space = C p (X) has property α 2 ). 
Addendum
By using a different idea, L. Bukovský and J. Haleš have independently proved in [6] that for every QN-space X, C p (X) is an α 1 -space. Also they have obtained in [6] some covering characterizations of the α 1 -property of C p (X) which are different from the author's characterization.
